Calculation of the Maxwell stress tensor and the Poisson-Boltzmann force on a solvated molecular surface using hypersingular boundary integrals
The Poisson-Boltzmann ͑PB͒ equation is widely used for modeling electrostatic effects and solvation of biomolecules. [1] [2] [3] [4] There are separate reasons for varying the solvent and solute dielectric constants ͑ s and i ͒ in PB calculations. The former case arises when the solvation energy of a solute in different solvents is of interest. The latter case arises because there is uncertainty on the value of the solute dielectric constant i due to the empirical nature of the PB equation. 5 The purpose of this note is to present a simple formula that accurately predicts the electrostatic free energy for all combinations of i and s from the PB calculation on a single set of i and s values.
The formula has the form
where ir and sr are "reference" solute and solvent dielectric constants for which the PB equation is actually solved once, and A and B are fitting parameters. The factor f͑ i / s ͒ scales the solvation energy ⌬G͑ ir , sr ͒, calculated at the reference dielectric constants into the corresponding quantity at any desired dielectric constants. To find the fitting parameters, we solved the PB equation for eight different combinations of i and s , with the former at 1-4, and the latter at either 78.5 ͑for water͒ or 10.3 ͑for n-octanol͒, on a set of 55 proteins. These proteins have less than 10% sequence identities, better than 1.0 Å resolutions, and less than 250 residues. For the reference we chose ir = 2 and sr = 78.5. The Protein Data Bank name, the number of atoms ͑N atom ͒, the net charge ͑Q͒, and the fitting parameters of the 55 proteins are listed in Table I . The fitting parameters have interesting properties. A shows very small variations among the 55 proteins. The average is 1.016, with a standard deviation of only 0.004. The scaling factor for the limiting situation i / s → 0 is A; a near unity value reflects the closeness of the reference to the limiting situation. Nonetheless the variations of A appear to anticorrelate with the magnitude of the net charge and correlate with the number of atoms. A multilinear regression against ͉Q͉ 0.65 and N atom gives the best fit as Using A and B values fixed by Eqs. ͑3͒ and ͑4͒ and the PB results for the reference dielectric constants, the solvation energy given by Eq. ͑1͒ agrees very well with the actual PB results for the other seven sets of dielectric constants. With ͑ i , s ͒ = ͑1 , 78.5͒, ͑3, 78.5͒, ͑4, 78.5͒, ͑1, 10.3͒, ͑2, 10.3͒, ͑3, 10.3͒, and ͑4, 10.3͒, the average unsigned relative errors are 0.2%, 0.1%, 0.2%, 0.6%, 1.2%, 1.5%, and 1.7%, respectively. The magnitude of the errors corresponds to the deviation of i / s from the reference value ir / sr . To show that Eq. ͑1͒ is indeed predictive, we repeated the procedure using only 29 of the 55 proteins. Equation ͑1͒ was then applied to the remaining 26 proteins. The corresponding errors are 0.2%, 0.1%, 0.2%, 0.6%, 1.2%, 1.7%, and 2.0%, showing at most a slight deterioration. Equation ͑1͒ also works well when salt effects are included. For example, for ionic strengths between 0.1 M and 0.5 M, the average unsigned relative errors are 0.2%, 0.2%, and 0.4%, respectively, for the ͑ i , s ͒ = ͑1 , 78.5͒, ͑3, 78.5͒, and ͑4, 78.5͒. For a spherical model ͑with radius R͒ having all the charge located at the center, the Born formula,
corresponds to A = 1 and B = 0. For spherical-model proteins with arbitrary distributions of point charges, calculations with the Tanford and Kirkwood formula 7 lead to fitted A and B values that behave similarly to those for the actual proteins. Namely, the values of A show only small fluctuations above unity and both −A and B show correlation with the magnitude of the net charge and anticorrelation with the number of point charges. On the other hand, the values of the coefficients in Eqs. ͑3͒ and ͑4͒ reflect the general properties of proteins with up to 250 residues. The coefficients will likely vary somewhat, for example, for nucleic acids.
Based on the Tanford and Kirkwood formula 7 for spherical-model proteins, Sigalov et al. 8 suggested a scaling formula similar to Eq. ͑1͒ but with the coefficient of i / s set to 0.57, instead of our value of 2, in their development of a generalized Born method. We found less success with their coefficient in reproducing the dependence of the solvation energy on dielectric constants.
In summary, we obtained a simple, accurate formula for predicting the dependence of the electrostatic free energy on solute and solvent dielectric constants. This formula will facilitate the application of the Poisson-Boltzmann equation and be useful for the development of generalized Born methods.
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